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Why electron-phonon interactions are important?
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Some manifestations of electron-phonon interactions

Electron mobility in monolayer and bilayer MoSso
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Some manifestations of electron-phonon interactions

Electron mobility in monolayer and bilayer MoSso Phonon-assisted optical absorption in silicon
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Some manifestations of electron-phonon interactions

Electron mobility in monolayer and bilayer MoSso Phonon-assisted optical absorption in silicon
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The electron-phonon matrix element
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The electron-phonon matrix element

gmnu(k7 q) = <Umk+q|AquvscF|Unk>uc
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The electron-phonon matrix element

Variation of the Kohn-Sham potential
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I

gmm/(k7 q) = <umk+q|Aquvch |unk>uc
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Lattice-periodic part of wavefunction
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The electron-phonon matrix element

Variation of the Kohn-Sham potential
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The electron-phonon matrix element

Variation of the Kohn-Sham potential
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The electron-phonon matrix element

Variation of the Kohn-Sham potential

I

gmm/(k7 q) = <umk+q|Aquch |unk>uc
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnm1/ (k,q)|?
— = 2k T — E / O(enk — €
Tnk b Bz {1BZ hwqy (Enke = Emicta)
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnmu (k,q)|?
— =2k T — E / 0(enk — €m
P Bz 1Bz (Enk keta)

Tnk qu

e The integral over the Brillouin zone can require up to 100K qg-vectors
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1 dq |gnm1/ k Q)|
= 2kpT — O(enk — €
Tnk b Z/BZ Iz qu ( nk mk+q)

e The integral over the Brillouin zone can require up to 100K qg-vectors
e Each g-vector requires a separate DFPT calculation

e A new integral must be evaluated for every k-vector
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Wannier interpolation of electron-phonon matrix elements

Wannier functions

1 .
me(r) - ﬁ Z e_lk'Rp Unmk wnk(r)

P nk

N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012) 0838



Wannier interpolation of electron-phonon matrix elements

Wannier functions

1 .
me(r) - ﬁ Z e_lk'Rp Unmk wnk(r)

P nk

Uk (r) = €™ up(r)

N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012)
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Wannier interpolation of electron-phonon matrix elements

Wannier functions

1 .
me(r) - ﬁ Z e_lk'Rp Unmk wnk(r)

P nk
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N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012) 083



Wannier interpolation of electron-phonon matrix elements

Wannier functions

1 .
me(r) - ﬁ Z e_lk'Rp Unmk wnk(r)

P nk
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N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012) 083



Wannier interpolation of electron-phonon matrix elements
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Wannier interpolation of electron-phonon matrix elements
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Wannier interpolation of electron-phonon matrix elements
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Wannier interpolation of electron-phonon matrix elements
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EPW software

Bloch Wannier Bloch

Gre (K, ) 9(R,,R,,) G (', q")
+ ¢
— | # # | =
+ ¢

Coarse Real-space Ultra dense
Brillouin zone grid supercell Brillouin zone grid

Electron-phonon Wannier (EPW) is a free GPL Fortran software, part
of Qunatum-Espresso, that relies on maximally localized Wannier
functions (MLWF) to interpolate electron-phonon matrix elements
on ultra dense momentum grids.
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The electron-phonon interaction in polar materials
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The electron-phonon matrix element in polar materials

e Wannier interpolation in the presence of Frohlich interactions

In polar materials, gmn,.(k,q) diverges as 1/|q| for |q] — O
Split the electron-phonon matrix elements into a short- (S) and a
long-range (£) contribution:

gk, q) = ¢°(k,q) + g°(k,q)

Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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The electron-phonon matrix element in polar materials

e Wannier interpolation in the presence of Frohlich interactions

In polar materials, gmn,.(k,q) diverges as 1/|q| for |q] — O
Split the electron-phonon matrix elements into a short- (S) and a
long-range (£) contribution:

gk, q) = ¢°(k,q) + g°(k,q)
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Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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The electron-phonon matrix element in polar materials

e Wannier interpolation in the presence of Frohlich interactions
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Figure from Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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The electron-phonon matrix element in polar materials

e Wannier interpolation in the presence of Frohlich interactions

EPW with Frohlich
DFPT long-range
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Figure from Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015) 1338



Phonon-mediated superconductivity
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Phonon-mediated superconductivity

electron Cooper
pairs in a lattice
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Phonon-mediated superconductivity
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pairs in a lattice attraction for electrons close to Fermi level
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Phonon-mediated superconductivity
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Phonon-mediated superconductivity

electron Cooper
pairs in a lattice
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Migdal-Eliashberg theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
Dy (iwj—iw;r) Vo mictq (1w —iw;r)
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e-ph matrix elements . . , .
P interacting Green's function

Allen and Mitrovi¢, Solid State Phys. 37, 1 (1982);
Margine and Giustino, Phys. Rev. B 87, 024505 (2013) 16/38



Migdal-Eliashberg theory

dressed phonon propagator screened Coulomb interaction
paring self-energy l l
h qu(in—iwj/) Vnk’karq(iwj—iwj/)

Tl Y

N
3 @ g s
o) — [/ —
Yok (iwj) = gnme(q, k) Imnv(k, Q) + me—=

~ ~

Gmk+q(iwj/) Gmk-&-Q(iwj’)
AN / T

e-ph matrix elements . . , .
P interacting Green's function

Migdal's theorem

Only the leading terms in Feynman diagram of the self-energy are included.

The neglected terms are of the order of (me/M)l/2 o wp/€R.

Allen and Mitrovi¢, Solid State Phys. 37, 1 (1982);
Margine and Giustino, Phys. Rev. B 87, 024505 (2013) 16/38



Anisotropic Migdal-Eliashberg equations

Wi

; J
Zpx(iwj) = E /
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mass renormalization
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gap function [/\nk,mk+q( wj—w j’)_ﬂc] §(€mkrq — €F)

mk-+q (ZwJ )

17/38



Anisotropic Migdal-Eliashberg equations
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Anisotropic Migdal-Eliashberg equations

Wi

; J
Zpx(iwj) = E /

w]NF QBZ w —i—A

mass renormalization

function X Ank mk+q( —w;j)0(Emktq — €F)
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v J

anisotropic e-ph
coupling strength
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Anisotropic Migdal-Eliashberg equations

Wi

; J
Zpx(iwj) = E /

w]NF QBZ w —i—A

mass renormalization

function X Ank mk+q( —w;j)0(Emktq — €F)
) 7T Aksq(iws
an(le)An,k Zw] — Z/QBZ +Q( j’ )
superconductmg \/w +A7nk+q(lw] /)
gap function [Ank,mk—l-q( = j’ﬂ_ﬂc] §(€mkrq — €F)
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o 2w
Ank,mk+q(wj)|= Np Z/O dwm|gmnu(kv Q>|25(W_un)
v J

anisotropic e-ph
coupling strength

iwj =1(2j + 1)7T" (j integer) are Matsubara frequencies
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Anisotropic Migdal-Eliashberg equations

j/
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Anisotropic Migdal-Eliashberg equations

j/
ngF Z/QBZ \/w 2 | A2

mk+q (Zw] )

an(iwj) =
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Zne (1)) Ak (iwj) = Z/ Opz \/w +qu J(W )
mk-+q 7’

X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’
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Anisotropic Migdal-Eliashberg equations

an(iwj) =
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Amk+q(zw] /)
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X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

e The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects
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Anisotropic Migdal-Eliashberg equations

. 'l dq wijr
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X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
e The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

e The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects

e The sum over Matsubara frequencies must be truncated (typically set
to four to ten times the largest phonon energy)
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Anisotropic Migdal-Eliashberg equations

. 'l dq wijr
Znk(iw;) = 1+ N /Q ¢ .
wjNp 7= {8z \/w]?,jLA%lkJrq(zwj/)

X Ank mk+q( —wyr )5(€mk+q - 6F)
Znk(iwj)Apk (iw;) = T Z/Q Armictq(iwy)
BZ \/w +Amk+q(zw] /)

X [Ankmicrq(wj —wjr) = p1e] 0(€micrq — €r)
The coupled nonlinear equations need to be solved self-consistently at
each temperature T’

The equations must be evaluated on dense electron k- and phonon
g-meshes to properly describe anisotropic effects

The sum over Matsubara frequencies must be truncated (typically set
to four to ten times the largest phonon energy)

Znk and A,y are only meaningful for nk at or near the Fermi surface
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Normalized conductance

Superconductivity in 2H-NbS,

Scanning tunneling spectra of 2H-NbS,

Bias voltage (mV) Temperature (K)

Figure from Guillamén et al, Phys. Rev. Lett. 101, 166407 (2008)
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Superconductivity in 2H-NbS,

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
20/38



Superconductivity in 2H-NbS,

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
20/38
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Superconductivity in 2H-NbS,

Nb d,,

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Superconductivity in 2H-NbS,

Nb d,z_,2

Agk (meV)

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Ay (meV)

Superconductivity in 2H-NbS,

e Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential pf = 0.2 (EPW and SternheimerGW)

1.0
Sk E
Sr2
0.5} Sr1 g E E g E
E
0.0 L L
1 2 3 7(K) 4 5 6

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Superconductivity in 2H-NbS,

e Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential pf = 0.2 (EPW and SternheimerGW)
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Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Phonon-limited carrier transport
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Carrier transport

(Ca
i ®

» - ion e Impurity scattering
impurity
ion e lonized impurity scattering

on

e Lattice scattering
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Electric current and mobility

e The steady-state electric current J is related to the driving electric
field E via the mobility tensors p as:

Jo=c¢ (ne He,a8 + T Mh,aﬁ)Eﬂ =—eQ! Z 915% / dk fnx Unk,a
n

where vy o = h~10¢e,1/ Ok, is the band velocity.

e We need to find the occupation function f,x which reduces to the
Fermi-Dirac distribution fgk in the absence of the electric field
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Electric current and mobility

e The steady-state electric current J is related to the driving electric
field E via the mobility tensors p as:

Jo=c¢ (ne He,a8 + T Mh,aﬁ)Eﬂ =—eQ! Z 915% / dk fnx Unk,a
n

where vy o = h~10¢e,1/ Ok, is the band velocity.

e We need to find the occupation function f,x which reduces to the
Fermi-Dirac distribution fgk in the absence of the electric field

e The mobility is defined as:

TaB 1 9J,

neCB neCB

e We need to evaluate the linear response of the distribution function
fnk to the electric field E.
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Boltzmann transport equation

A fnk(T) _ Ofnk(T)
T = (—e)E- e

scatt

S. Poncé, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

A fnk(T) _ Ofnk(T)
T = (—e)E- e

scatt

The right-hand side is the collisionless term of Boltzmann's equation
for a uniform and constant electric field, in the absence of
temperature gradients and magnetic fields

S. Poncé, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

A fnk(T) _ Ofnk(T)
T = (—e)E- e

scatt

The right-hand side is the collisionless term of Boltzmann's equation
for a uniform and constant electric field, in the absence of
temperature gradients and magnetic fields

This left-hand side is the modification of the distribution function
arising from electron-phonon scattering in and out of the state |nk),
via emission or absorption of phonons with frequency wq,

fmk+q fmk+q

! A, i
’ frmk+aq b4

W_qu

frk

foeYav
fmk+q B2

W_qu

S. Poncé, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)
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Linearized Boltzmann transport equation

We expend fx into fux = f + O(E) for small E and keep only
the linear term in E to get

0fu(T)
ok

0 fie

(—B)E nk 85nk

=(—e)E-v

8f0k 27 dq 9
- (—e)E=— — | Gmnv (K,
85nk ik ( e) h %;/QBZ |q ( /q)|
X {(1 - fnk)fkarqé(Enk — E€mk+q T hwqy)(l + nq,j)
+ (1 - fnk)fmk—i—q(s(snk — Emk+q — hqux)”qzx
- fnk<1 - fmk+q)6(€nk — E€mk+q — hwa,)(l + nqzx)
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Linearized Boltzmann transport equation

We take the derivatives of the Boltzmann equation with respect to
E to obtain the iterative Botlzmann transport equation (IBTE):

0 27r7'

Oep,

[(1 + gy — fr?k)é(gnk — Emk+tq T ﬁwqy)
+(ngy + fra)0(Enk — Emkra — hwaw)] Op,fmiciq

having defined the relaxation time:

1 2m dq 2
o = = — |gmmv (K,
=0 2 gy )

x [(1 - f’gzk-i—q + nqu)8(Enk — Emk+q — Awgy)
+ (fgnk—&-q + an)é(Enk — Emk+q T MQV)]
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Self-energy relaxation time approximation (SERTA)

We can approximate IBTE by neglecting 0p,fmk+q

o
Kk 0
Opsfnk =€ aenk Unk,8Tnk
n.

The intrinsic electron mobility is therefore:

He,af = — Z /dk Unk,a angnk/ Z /dk f'r?k

neCB neCB

= E D U U
ne €2 /QBZ Depye 0 0 Tk
neCB
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Mobility (cm?/Vs)

Intrinsic carrier mobility in Si

Electron and hole mobility in silicon (EPW)

10

T T LA B S B S S e B
100 200 300 400 500
Temperature (K)

Poncé, Margine, and Giustino, Phys. Rev. B 97, 121201(R) (2018)
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Mobility (cm?/Vs)

Intrinsic carrier mobility in Si

Electron and hole mobility in silicon (EPW)
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Intrinsic carrier mobility in GaN

Electron and hole mobility in GaN (EPW)
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Crystal-field engineering of band
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EPW capabilities

electron and phonon linewidths, scattering rates, and lifetimes
electron and phonon spectral functions

electron-phonon vertex in the presence of Frohlich interactions
(polar materials)

electron-phonon coupling strength

phonon-limited optical absorption

anisotropic superconducting properties

electronic transport properties (mobility and resistivity)

Poncé, Margine, Verdi, and Giustino, Comput. Phys. Commun. 209, 116 (2016)
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EPW specs

Features:
e Supports LDA/GGA functionals
e Supports NC and US pseudopotentials
e Supports spin-orbit coupling
e Supports time-reversal symmetry
e Polar divergence correctly interpolated
e Integrated into QE and rely on Wannier90
e MPI parallelization

e Has a test-farm for stability and portability of the code
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EPW outlook

mobility at finite magnetic field

e-ph interactions in 2D materials

high-throughput e-ph computations with AiiDA

parallelization over G-vectors

spin-transport

fully ab initio Migdal-Eliashberg approach for superconductivity

[w~] http://epw.org.uk

v https://gitlab.com/QEF/q-e
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