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Lecture Summary

• Manifestations of the electron-phonon interaction

• The electron-phonon matrix element

• Brillouin-zone integrals and Wannier interpolation

• Migdal-Eliashberg theory of superconductivity

• Boltzmann transport equation
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Why electron-phonon interactions are important?
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Some manifestations of electron-phonon interactions

Electron mobility in monolayer and bilayer MoS2

Nano Lett. 13, 4212 (2013)
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Phonon-assisted optical absorption in silicon
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Superconductivity in compressed LaH10±x
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Photoluminescence in hybrid perovskites

Nat. Commun. 7, 11755 (2016)
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The electron-phonon matrix element
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The electron-phonon matrix element

gmnν(k,q) = 〈umk+q|∆qνvSCF |unk〉uc
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The electron-phonon matrix element

gmnν(k,q) = 〈umk+q|∆qνvSCF |unk〉uc

∆qνvSCF =
∑

καp
e−iq·(r−Rp)

√
~

2Mκωqν
eκα,ν(q)

∂ VSCF(r)

∂τκαp

Lattice-periodic part of wavefunction

Variation of the Kohn-Sham potential

κ Atom in the unit cell
α Cartesian direction
p Unit cell in the equivalent supercell
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The electron-phonon matrix element

gmnν(k,q) = 〈umk+q|∆qνvSCF |unk〉uc

∆qνvSCF =
∑

καp
e−iq·(r−Rp)

√
~

2Mκωqν
eκα,ν(q)

∂ VSCF(r)

∂τκαp

Lattice-periodic part of wavefunction

Variation of the Kohn-Sham potential

Zero-point amplitude

Phonon polarization

Displacement of a single ion

Incommensurate modulation

κ Atom in the unit cell
α Cartesian direction
p Unit cell in the equivalent supercell
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Brillouin-zone integrals

Example: electron lifetimes in metals, adiabatic approximation

1

τnk
= 2kBT

2π

~
∑
mν

∫
BZ

dq

ΩBZ

|gnmν(k,q)|2

~ωqν
δ(εnk − εmk+q)
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2π

~
∑
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∫
BZ

dq

ΩBZ

|gnmν(k,q)|2

~ωqν
δ(εnk − εmk+q)

• The integral over the Brillouin zone can require up to 100K q-vectors

• Each q-vector requires a separate DFPT calculation

• A new integral must be evaluated for every k-vector
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Wannier interpolation of electron-phonon matrix elements

Wannier functions

wmp(r) =
1

Np

∑
nk

e−ik·Rp Unmk ψnk(r)

N. Marzari et al., Rev. Mod. Phys. 84, 1419 (2012)
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Wannier interpolation of electron-phonon matrix elements

Wannier functions

wmp(r) =
1

Np

∑
nk

e−ik·Rp Unmk ψnk(r)

ψnk(r) = eik·r unk(r)
wmp(r)

ψnk(r) =
∑
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eik·Rp U †mnk wmp(r)
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Wannier interpolation of electron-phonon matrix elements

gmnν(k,q) =

√
~

2Mκωqν

∑
pp′

ei(k·Rp+q·Rp′ )

×
∑

m′n′κα

Umm′k+q gm′n′κα(Rp,Rp′) U
†
n′nk eκα,ν(q)
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Figures from Giustino et al, Phys. Rev. B 76, 165108 (2007)
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EPW software

Electron-phonon Wannier (EPW) is a free GPL Fortran software, part
of Qunatum-Espresso, that relies on maximally localized Wannier
functions (MLWF) to interpolate electron-phonon matrix elements
on ultra dense momentum grids.
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The electron-phonon interaction in polar materials
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The electron-phonon matrix element in polar materials

• Wannier interpolation in the presence of Fröhlich interactions

In polar materials, gmn,ν(k,q) diverges as 1/|q| for |q| → 0
Split the electron-phonon matrix elements into a short- (S) and a
long-range (L) contribution:

g(k,q) = gS(k,q) + gL(k,q)

Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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• Wannier interpolation in the presence of Fröhlich interactions

In polar materials, gmn,ν(k,q) diverges as 1/|q| for |q| → 0
Split the electron-phonon matrix elements into a short- (S) and a
long-range (L) contribution:

g(k,q) = gS(k,q) + gL(k,q)

gL(k,q) = i
4π

Ω

e2

4πε0

∑
κ

(
~

2NpMκ ωq

)1
2

×

∑
G6=−q

(q + G) · Z∗κ · eκ(q)

(q + G) · ε∞ · (q + G)
〈ψk+q|ei(q+G)·(r−τκ)|ψk〉sc

Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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The electron-phonon matrix element in polar materials

• Wannier interpolation in the presence of Fröhlich interactions

EPW without Fröhlich
long-range

DFPT

Figure from Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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The electron-phonon matrix element in polar materials

• Wannier interpolation in the presence of Fröhlich interactions

EPW without Fröhlich
long-range

DFPT

EPW with Fröhlich
long-range

Figure from Verdi and Giustino, Phys. Rev. Lett. 115, 176401 (2015)
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Phonon-mediated superconductivity
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Phonon-mediated superconductivity

electron Cooper
pairs in a lattice
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exchange of virtual phonons produces an
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Migdal-Eliashberg theory

Dqν(iωj−iωj′) Vnk,mk+q(iωj−iωj′)

Σ̂nk(iωj) = gnmν(q,k) gmnν(k,q) +

Ĝmk+q(iωj′) Ĝmk+q(iωj′)

paring self-energy

dressed phonon propagator

e-ph matrix elements
interacting Green’s function

screened Coulomb interaction

Allen and Mitrović, Solid State Phys. 37, 1 (1982);

Margine and Giustino, Phys. Rev. B 87, 024505 (2013) 16/38



Migdal-Eliashberg theory

Dqν(iωj−iωj′) Vnk,mk+q(iωj−iωj′)

Σ̂nk(iωj) = gnmν(q,k) gmnν(k,q) +

Ĝmk+q(iωj′) Ĝmk+q(iωj′)

paring self-energy

dressed phonon propagator

e-ph matrix elements
interacting Green’s function

screened Coulomb interaction

Migdal’s theorem

Only the leading terms in Feynman diagram of the self-energy are included.

The neglected terms are of the order of (me/M)1/2 ∝ ωD/εF.

Allen and Mitrović, Solid State Phys. 37, 1 (1982);

Margine and Giustino, Phys. Rev. B 87, 024505 (2013) 16/38



Anisotropic Migdal-Eliashberg equations

Znk(iωj) = 1 +
πT

ωjNF

∑
mj′

∫
dq

ΩBZ

ωj′√
ω2
j′+∆2

mk+q(iωj′)

×λnk,mk+q(ωj−ωj′)δ(εmk+q − εF)

mass renormalization

function

Znk(iωj)∆nk(iωj) =
πT

NF

∑
mj′

∫
dq

ΩBZ

∆mk+q(iωj′)√
ω2
j′+∆2

mk+q(iωj′)

×
[
λnk,mk+q(ωj−ωj′)−µ∗c

]
δ(εmk+q − εF)

superconducting

gap function
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|gmnν(k,q)|2δ(ω−ωqν)
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• The equations must be evaluated on dense electron k- and phonon
q-meshes to properly describe anisotropic effects

• The sum over Matsubara frequencies must be truncated (typically set
to four to ten times the largest phonon energy)

• Znk and ∆nk are only meaningful for nk at or near the Fermi surface
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Superconductivity in 2H-NbS2

Scanning tunneling spectra of 2H-NbS2

2∆

Figure from Guillamón et al, Phys. Rev. Lett. 101, 166407 (2008)
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Superconductivity in 2H-NbS2

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
20/38



Superconductivity in 2H-NbS2

• Anisotropic Migdal-Eliasbergh formalism with ab initio Coulomb
pseudopotential µ∗c = 0.2 (EPW and SternheimerGW)

Heil, Poncé, Lambert, Schlipf, Margine, and Giustino, Phys. Rev. Lett., 119, 087003 (2017)
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Phonon-limited carrier transport
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Carrier transport

• Lattice scattering

• Impurity scattering

• Ionized impurity scattering
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Electric current and mobility

• The steady-state electric current J is related to the driving electric
field E via the mobility tensors µ as:

Jα = e (ne µe,αβ + nh µh,αβ)Eβ = −eΩ−1
∑
n

Ω−1BZ

∫
dk fnk vnk,α

where vnk,α = ~−1∂εnk/∂kα is the band velocity.

• We need to find the occupation function fnk which reduces to the
Fermi-Dirac distribution f0nk in the absence of the electric field
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Jα = e (ne µe,αβ + nh µh,αβ)Eβ = −eΩ−1
∑
n

Ω−1BZ

∫
dk fnk vnk,α

where vnk,α = ~−1∂εnk/∂kα is the band velocity.

• We need to find the occupation function fnk which reduces to the
Fermi-Dirac distribution f0nk in the absence of the electric field

• The mobility is defined as:

µe,αβ =
σαβ
ne

=
1

ne

∂Jα
∂Eβ

= −
∑
n∈CB

∫
dk vnk,α ∂Eβfnk

/ ∑
n∈CB

∫
dk f0nk

• We need to evaluate the linear response of the distribution function
fnk to the electric field E.
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Boltzmann transport equation

∂fnk(T )

∂t

∣∣∣∣
scatt

= (−e)E · ∂fnk(T )

∂k

S. Poncé, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)
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Boltzmann transport equation

∂fnk(T )

∂t

∣∣∣∣
scatt

= (−e)E · ∂fnk(T )

∂k

The right-hand side is the collisionless term of Boltzmann’s equation
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∣∣∣∣
scatt

= (−e)E · ∂fnk(T )

∂k

The right-hand side is the collisionless term of Boltzmann’s equation
for a uniform and constant electric field, in the absence of
temperature gradients and magnetic fields

This left-hand side is the modification of the distribution function
arising from electron-phonon scattering in and out of the state |nk〉,
via emission or absorption of phonons with frequency ωqν

S. Poncé, W. Li, S. Reichardt, and F. Giustino, Rep. Prog. Phys. 83, 036501 (2020)
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Linearized Boltzmann transport equation

∂f0nk
∂εnk

vnk · (−e)E =
2π

~
∑
mν

∫
dq

ΩBZ
|gmnν(k,q)|2

×
{

(1− fnk)fmk+qδ(εnk − εmk+q + ~ωqν)(1 + nqν)

+ (1− fnk)fmk+qδ(εnk − εmk+q − ~ωqν)nqν

− fnk(1− fmk+q)δ(εnk − εmk+q − ~ωqν)(1 + nqν)

− fnk(1− fmk+q)δ(εnk − εmk+q + ~ωqν)nqν
}

We expend fnk into fnk = f0nk +O(E) for small E and keep only
the linear term in E to get

(−e)E · ∂fnk(T )

∂k
= (−e)E · vnk

∂f0nk
∂εnk
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Linearized Boltzmann transport equation

We take the derivatives of the Boltzmann equation with respect to
E to obtain the iterative Botlzmann transport equation (IBTE):

∂Eβfnk =e
∂f0nk
∂εnk

vnk,βτ
0
nk+

2πτ0nk
~

∑
mν

∫
dq

ΩBZ
|gmnν(k,q)|2

×
[
(1 + nqν − f0nk)δ(εnk − εmk+q + ~ωqν)

+(nqν + f0nk)δ(εnk − εmk+q − ~ωqν)
]
∂Eβfmk+q

having defined the relaxation time:

1

τ0nk
=

2π

~
∑
mν

∫
dq

ΩBZ
|gmnν(k,q)|2

×
[
(1− f0mk+q + nqν)δ(εnk − εmk+q − ~ωqν)

+ (f0mk+q + nqν)δ(εnk − εmk+q + ~ωqν)
]
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Self-energy relaxation time approximation (SERTA)

We can approximate IBTE by neglecting ∂Eβfmk+q

∂Eβfnk =e
∂f0nk
∂εnk

vnk,βτ
0
nk

The intrinsic electron mobility is therefore:

µe,αβ = −
∑
n∈CB

∫
dk vnk,α ∂Eβfnk

/ ∑
n∈CB

∫
dk f0nk

=
−e
ne Ω

∑
n∈CB

∫
dk

ΩBZ

∂f0nk
∂εnk

vnk,α vnk,β τ
0
nk
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Intrinsic carrier mobility in Si

Electron and hole mobility in silicon (EPW)
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Intrinsic carrier mobility in GaN

Electron and hole mobility in GaN (EPW)

Poncé, Jena, and Giustino, Phys. Rev. Lett. 123, 096602 (2019)
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Route to high mobility in GaN

Crystal-field engineering of band structure and mobility in GaN

Poncé, Jena, and Giustino, Phys. Rev. Lett. 123, 096602 (2019)
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EPW capabilities

• electron and phonon linewidths, scattering rates, and lifetimes

• electron and phonon spectral functions

• electron-phonon vertex in the presence of Fröhlich interactions
(polar materials)

• electron-phonon coupling strength

• phonon-limited optical absorption

• anisotropic superconducting properties

• electronic transport properties (mobility and resistivity)

Poncé, Margine, Verdi, and Giustino, Comput. Phys. Commun. 209, 116 (2016)
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EPW specs

Features:

• Supports LDA/GGA functionals

• Supports NC and US pseudopotentials

• Supports spin-orbit coupling

• Supports time-reversal symmetry

• Polar divergence correctly interpolated

• Integrated into QE and rely on Wannier90

• MPI parallelization

• Has a test-farm for stability and portability of the code

33/38



EPW outlook

• mobility at finite magnetic field

• e-ph interactions in 2D materials

• high-throughput e-ph computations with AiiDA

• parallelization over G-vectors

• spin-transport

• fully ab initio Migdal-Eliashberg approach for superconductivity

http://epw.org.uk

https://gitlab.com/QEF/q-e
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