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If you have questions, please put them in chat !  
Mute your audio and unmute it when necessary

Now available in Wannier90  
※ Please use version 3.1.0  
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Wannier State Bloch state

Maximally localized Wannier functions
N. Marzari and D. Vanderbilt, Phys. Rev. B. 56 12847 (1997)  
I. Souza et al., ibid. 65, 035109 (2001)

The unitary matrix U is obtained by minimizing the spread functional Ω 

where,



Symmetry breaking of “maxloc" Wannier functions : Copper
I. Souza et al., Phys. Rev. B 65 035109 (2001) 

initial projections with atom-centered s and d orbitals, i.e., 6 orbital model 
→ results in interstitial-centered s-like “maxloc”

(“maxloc” procedure does not care about symmetry at all)
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Symmetry-adapted Wannier functions = “maxloc” procedure +  symmetry constraint 
  → obtain irreducible representations of a subgroup of full symmetry group 

           (irreducible representations of site-symmetry group) 

Now available in Wannier90  
※ Please use version 3.1.0 !!! 
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Site-symmetry group

Example: two-dimensional square lattice
Full symmetry group : 8 symmetry operations (sym. ops.)

(0,0) (1/2,0)

A subgroup of full-symmetry group, whose elements leave the site-position unchanged

Wyckoff position (0,0) :  
Site-symmetry group : 8 sym. ops.  
Multiplicity : 1 

Wyckoff position (1/2,0), (0,1/2) :  
Site-symmetry group : 4 sym. ops. (without C4)  
Multiplicity : 2 

(0,1/2)

Multiplicity = (# full sym. ops.)/(# sym. ops. in site-symmetry group)



Concept of Symmetry-adapted Wannier functions (SAWF)

SAWF = “maxloc" procedure +  symmetry constraint 
  → obtain irreducible representations of site-symmetry group

“maxloc” Wannier 
(global minimum)

SAWF 
(local minimum)

All unitary transformation Umn(k)

symmetry-adapted Umn(k)
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Symmetry-adapted Wannier functions
Rei Sakuma, Phys. Rev. B 87 235109 (2013) 

Symmetry-adapted Wannier functions = “maxloc” procedure +  symmetry constraint 
  → obtain irreducible representations of a subgroup of full symmetry group 

           (irreducible representations of site-symmetry group) 

U(Rk) = d̃(g,k)U(k)D†(g,k)
<latexit sha1_base64="54K67hgXmjqmCJGTvIuKLHGYeHU="></latexit><latexit sha1_base64="54K67hgXmjqmCJGTvIuKLHGYeHU="></latexit><latexit sha1_base64="54K67hgXmjqmCJGTvIuKLHGYeHU="></latexit><latexit sha1_base64="54K67hgXmjqmCJGTvIuKLHGYeHU="></latexit>

U(k) = d̃(gk,k)U(k)D†(gk,k)
<latexit sha1_base64="+mOCY/nxjbE7FYJh1nB9vy9mWuY="></latexit><latexit sha1_base64="+mOCY/nxjbE7FYJh1nB9vy9mWuY="></latexit><latexit sha1_base64="+mOCY/nxjbE7FYJh1nB9vy9mWuY="></latexit><latexit sha1_base64="+mOCY/nxjbE7FYJh1nB9vy9mWuY="></latexit>

 Constraint on U(k) for k in irreducible BZ

 Unitary matrix for other k points

matrices related to symmetry

gkk = k
<latexit sha1_base64="Fi8TiozTDHaidk4kBO1rq4pb/Lk="></latexit><latexit sha1_base64="Fi8TiozTDHaidk4kBO1rq4pb/Lk="></latexit><latexit sha1_base64="Fi8TiozTDHaidk4kBO1rq4pb/Lk="></latexit><latexit sha1_base64="Fi8TiozTDHaidk4kBO1rq4pb/Lk="></latexit>



Important quantities: D and d matrices ~

num_wann×num_wann matrix

num_bands×num_bands matrix

Transformation of symmetry-adapted (Wannier-gauge)  
Bloch functions by sym. ops.  

Transformation of Kohn-Sham Bloch functions by sym. ops.

written in seedname.dmn file
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Flow of calculation (after nscf calculations and creating .nnkp file)

pw2wannier90.x

seedname.win 
site_symmetry = .true.

pw2wan.in 
write_dmn = .true.

input executable output/input

seedname.wout 
…

seedname.dmn 
(on top of amn, mmn)

wannier90.x

seedname.sym 
(not used in wannier90.x)
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Example of Dmn : CaCuO2 d-p model

 Famous family of high-Tc cuprates 

 Quasi-2D (layered) material 

 16 symmetry operations (P4/mmm)

CuO2 layer

Ca layer
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x2-y2 px

py

Example of Dmn : CaCuO2 d-p model
En
er
gy
 (e
V)

Γ   X   M    Γ    Z    R   A     Z 

 D matrix → how does the SAWF transform by sym. ops.
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(We do not discuss d matrix because the global phase of KS wave function can be random)~

1 dim. irrep. 
site multiplicity: 2

1 dim. irrep. 
site multiplicity: 1

1 dim. irrep. 
site multiplicity: 2



Example of Dmn (90° rotation, Γ): CaCuO2 d-p model
af
te
r 
90
° r
ot
at
io
n

W
an
ni
er
-g
au
ge
 B
lo
ch
 a
t Γ ΨΓ,x2-y2,(0,0,0)　

→ (-1)ΨΓ,x2-y2,(0,0,0)　　

ΨΓ,px,(1/2,0,0)　 ΨΓ,py,(0,1/2,0)　

→ ΨΓ,py,(0,1/2,0)　　 → (-1)ΨΓ,px,(1/2,0,0)　　

R̂⇡/2 �n(r) =
X

m

Dmn �m(r)
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Example of Dmn (90° rotation, Γ): CaCuO2 d-p model
af
te
r 
90
° r
ot
at
io
n

W
an
ni
er
-g
au
ge
 B
lo
ch
 a
t Γ ΨΓ,x2-y2,(0,0,0)　

→ (-1)ΨΓ,x2-y2,(0,0,0)　　

ΨΓ,px,(1/2,0,0)　 ΨΓ,py,(0,1/2,0)　

→ ΨΓ,py,(0,1/2,0)　　 → (-1)ΨΓ,px,(1/2,0,0)　　

R̂⇡/2 �n(r) =
X

m

Dmn �m(r)

D =

0

@
�1 0 0
0 0 �1
0 1 0

1

A

px pyx2-y2

 Block diagonal for each irrep. 
(block size: dimension of irrep × site multiplicity)
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En
er
gy
 (e
V)

Γ   X   M    Γ    Z    R   A     Z 

x2-y2 px

py

 In this case, SAWF = “maxloc” Wannier function

SAWFs : CaCuO2 d-p model
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SAWFs : Copper
Rei Sakuma, Phys. Rev. B 87 235109 (2013) 
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Applications to H3S ①

bcc, 48 sym. ops.

Γ         H      N      Γ         P    N  

0

20

40

En
er
gy
 (e
V)

Band structure of Im-3m H3S

A. P. Drozdov et al., Nature 2015 
M. Einaga et al., Nat. Phys. 2016 
R. Akashi et al., PRL 2016
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Im3-m H3S
Maximally localized Wannier functions

Applications to H3S ②

S s

S p

S d

H s
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Im3-m H3S
Symmetry adapted Wannier functions

Applications to H3S ③

S s

S p

S d

H s
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Examples in Wannier90

example21: Gallium Arsenide - Symmetry-adapted Wannier functions 

example22: Copper - Symmetry-adapted Wannier functions

  —— atom_centered_As_sp   
  —— atom_centered_Ga_p     
  —— atom_centered_Ga_s   
  —— atom_centered_Ga_sp  
  —— bond_centered       

  —— s_at_0.00 
  —— s_at_0.25    
  —— s_at_0.50

You can try SAWF 
※ Please use version 3.1.0 !!! 
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Be careful … 

One cannot always get atom-centered Wannier orbitals  
with symmetry-adapted mode 

Example:  MoS2 monolayer

sulphur p orbitals cannot be exactly atom-centered 
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Summary and future perspective

SAWF = “maxloc" procedure +  symmetry constraint 
  → obtain irreducible representations of site-symmetry group

“maxloc” Wannier 
(global minimum)

SAWF 
(local minimum)

All unitary transformation Umn(k)

symmetry-adapted Umn(k)

Summary

Future perspective
 Frozen window (need to be symmetry-adapted) 
 Extension to noncolliner case
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Tutorials
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Instructions

  Tutorials can be found in “Tutorials_SAWF” 

  Basic tutorial: “GaAs” 

  (A little bit) advanced tutorials: “H3S” and “Cu” 

  Work flow “GaAs”  → “H3S” and “Cu” 

  Follow the instruction pdf file or README in each directory 

  For “GaAs”  and “Cu”, refer also to Wannier90 Tutorials and Tutorial Solutions
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Flow of calculation (after nscf calculations and creating .nnkp file)

pw2wannier90.x

seedname.win 
site_symmetry = .true.

pw2wan.in 
write_dmn = .true.

input executable output/input

seedname.wout 
…

seedname.dmn 
(on top of amn, mmn)

wannier90.x

seedname.sym 
(not used in wannier90.x)

25



Reference: H3S 

Γ         H      N      Γ         P    N  

0

20

40

En
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V)

12 band model

Γ         H      N      Γ         P    N  

0

20

40

En
er
gy
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V)

7 band model
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Flow of calculation in Cu tutorial : advanced usage 
(after nscf calculations and creating .nnkp file)

pw2wannier90.x

seedname.win 
site_symmetry = .true.

pw2wan.in 
write_dmn = .true. 
 read_sym = .true.

input executable output/input

seedname.wout 
…

seedname.dmn 
(on top of amn, mmn)

wannier90.x

seedname.sym 
(prepare it by ourselves)
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